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Abstract—In this paper, we present a computationally effi-
cient multistage nonlinear model predictive controller (NMPC)
with a prediction horizon update using nonlinear programming
(NLP) sensitivities. Computational delay is minimized by up-
dating the prediction horizon to a sufficient length at every
time step. For a set-point tracking multistage NMPC, we first
determine a terminal region around an optimal equilibrium
point for each uncertainty realization in offline mode. Then
using NLP-sensitivity we estimate a sufficient horizon length for
the next time step such that all scenarios will be driven into their
respective terminal regions. This adaptive horizon multistage
NMPC (AH-msNMPC) is recursively feasible and input-to-state
practically stable. In a simulation study, the AH-msNMPC
was used to control a benchmark cooled CSTR process under
parametric uncertainty. The AH-msNMPC computations take
1.4% and 29.5% of the sampling interval duration for robust
horizon of 1 and 2, respectively. With a robust horizon length of
1 the controller is 15 times faster than ideal-multistage NMPC
with a long enough prediction horizon. The computational delay
is halved with robust horizon length of 2. The performance
of the two controllers was found to be similar. The improved
efficiency is vital in practice for improved control performance
and closed-loop stability. It is desired for real-time optimal
decision making, and also under limited computing resources
such as in embedded systems.

I. INTRODUCTION

Model predictive control (MPC), has emerged as a promis-
ing dynamic optimal control strategy in process industries. It
is based on mathematical modeling and online optimization
of the model to find the optimal plant inputs [1]. Process
systems are strongly nonlinear systems hence the growth
of interest in nonlinear MPC (NMPC). The nonlinearity
introduces a high degree of complexity in the optimal control
problem (OCP) making it computationally demanding.

The optimization problem in an standard MPC assumes
an exact model with known future disturbances and perfect
prediction.

However, chemical processes can not be perfectly mod-
elled, and the future parameters may not exactly be known
ahead of time, resulting in plant-model mismatch. Uncer-
tainty can appear as lack of truth of the identified system
parameters. It can also occur as noise, either in the mea-
surements or from the process or as a result of unknown
disturbances. If the uncertainty level is pronounced, standard
NMPC declines in performance and its inherent robustness
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can no longer guarantee recursive feasibility. As a result
stochastic NMPC including robust NMPC schemes have
been proposed that explicitly takes uncertainty into account.

One of the earliest robust schemes developed was a min-
max MPC [10], that optimizes the worst-case scenario cost
while ensuring feasibility for all possible scenarios. This
open-loop min-max MPC formulation ignores the presence
of future information. A feedback min-max MPC [4] was
created to resolve this issue. The robust schemes are in-
herently large-scale problems especially for long prediction
horizons. The controller designer must sacrifice computa-
tional speed for conservativeness.

Multistage NMPC (msNMPC) is a robust scheme based
on stochastic programming proposed in [2]. msNMPC as-
sumes discrete values of uncertain parameter realizations
and presents the future evolution of uncertainty in form
of a branching scenario tree along the prediction horizon.
The msNMPC problem increases exponentially in size with
prediction horizon length. It is shown in [2] that a shortened
branching horizon called robust horizon, produces as good
performance because of feedback and the moving horizon
nature of MPC. However, the OCP is still at least n-times
larger than a standard NMPC problem if n uncertainty
realizations are assumed with a minimum robust horizon of
1. The existing complexity of NMPC plus increased problem
size in msNMPC gives rise to significant computational cost
and associated computational delay. Computational delay
is undesirable for online decision making and can lead to
performance degradation and instability [16]. To improve
efficiency, parallel computing can be used for example by
primal decomposition of the scenario-based optimal control
problem as proposed in [11].

A different approach to minimize computational delay is
to select the shortest possible horizon at each iteration of the
msNMPC. A variable horizon method that was proposed in
[4] requires solving a mixed-integer nonlinear problem for
the msNMPC which is even more computationally demand-
ing than the original problem. The adaptive horizon method
in [3] updates the prediction horizon length efficiently at
every time step by solving an NLP-sensitivity problem online
that determines the sufficient horizon length for the system
to enter a pre-determined terminal region of attraction. If the
control problem is such that it is attracted to a terminal region
set, the new horizon will be reduced at each subsequent stage
making the problem smaller and simpler to solve.

The main contribution of this paper is to extend the adap-
tive horizon method [3] on to multistage NMPC. We compare
the performance with a standard approach and demonstrate
its potential for improving computational efficiency. The rest
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Fig. 1. A scenario tree representation of uncertainty evolution. A scenario
is a path from the root node to a leaf node. There are a total of Ng = 9
scenarios, with a robust horizon Np = 2 and prediction horizon Np = N.

of this paper is organized as follows. Section II carries the
main contribution of this manuscript. It sets foundation on
the nonlinear problem and ideal multistage NMPC frame-
work. We also present the adaptive horizon algorithm and
the computation of terminal region of attraction. Section III
presents recursive feasibility and stability proofs of the
method. Section IV shows results of a simulation study on
a benchmark example under parametric uncertainty. Finally,
Section V presents the drawn conclusions.

II. ADAPTIVE HORIZON MULTISTAGE NMPC

We represent the dynamics of a system as a discrete-time
nonlinear model given by (1).

Xpt1 = £(xg, ug, di) (D

where, x, € X C R", u, € Y C R™ are the state and
input vectors, and di € D C R™ is the vector of uncertain
parameters in the plant model at time step tx, and k£ > 0 is
the time index.

A. Ideal Multistage NMPC

Multistage NMPC [2] employs a scenario tree to define the
possible instances that an uncertain parameter can take in the
future along the prediction horizon. Fig. 1 shows a scenario
tree structure with a robust horizon Np = 2 and a prediction
horizon Np = N. The root node of the tree is the current
state of the plant from which the disturbance d;, assumes any
value in the uncertainty set, D. For instance, in Fig. 1 we
may assume dy, can take 3 representative discrete values D =
{low, nom, high}. If ny; = 1, three different states will be

predicted at the next time step, t;1. The tree will continue
branching from each node, and branching stops at the robust
horizon. After that, the uncertainty realization is assumed to
remain constant. Then we obtain a total number of scenarios,
Ng such that Ng = |D|V&, where |D| is the cardinality of
D. The robust horizon is an admissible simplification due to
the moving horizon aspect of the NMPC controller, see [2].
The resulting OCP (2) is re-optimized at each iteration and
the optimal first step input is injected to the plant.

jze;s{oﬂ(vf +Z€xk,uk)}

V¥ (@) = min

;uufc
(2a)
st x),, =f(x],ul,d]), k=0,...,N—1 (2b)
x) = x0 = @ (2¢)
ui =ul if xi =x! (2d)
x, €X, ul €U, xg\,GXJZ (2e)
j,leS where S={1,..., Ng} (2f)

where, &; is the state measurement of the plant at time t.
xj. and uj, are the predicted state and inputs at stage k and
scenario j, and di is the uncertain parameter of scenario
J at stage k. w; denotes the assigned weight for scenario j.
£(-, -) is the scalar stage cost function such that £ : X xU —
R. The weighted sum of the scenario summation of the stage
costs £( -, -) and terminal cost Vy(.) is the objective value
function V37*® for the multistage OCP given by (2a). S is an
index set for the scenarios. (2b) is the system model and (2c)
is the initial condition which equals the current plant state
;. (2d) are the non-anticipativity constraints (NACs).

B. Adaptive horizon using NLP sensitivity

The adaptive horizon method updates the prediction hori-
zon length of the next msNMPC iteration by estimating
a sufficient horizon length from the current solution using
NLP-sensitivities, see [3], [9], [14].

We assume that the system is controlled with a set-
point tracking objective and has an optimal equilibrium pair
(%, o u f) for all scenarlos ] € S. This point is an equilibrium
pair such that xf = f(x’ X}, f,dj ) for all j € S and gives
the lowest stage cost among all the equilibrium pairs, see
[17].

Assumption 1: There exists a terminal reglon of attraction
X JZ around an optimal equillibrium pair (x’, X}, u ) for all j €
S such that

xj = x| AXT] < ¢} )

where Ax/ = xJ —ch and cgc is the terminal region’s radius.

Assumption 2: There exists an open ball Be(x?p, u?c) with
radius € > 0 around the optimal equilibrium pair (x?c, ui;),
such that the stage cost is small compared to the stage cost
at the initial condition for all (x/,u’) € Bc(x7},u}) and for
all j € S [3].

Following Assumption 1, Fig. 2 illustrates possible open
loop optimal trajectories for a system with 3 uncertainty



Fig. 2. Open loop trajectories for different scenarios as they approach
their respective terminal regions. Their sufficient horizon lengths N% are
also indicated. Here the prediction horizon can be truncated at N%.
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Fig. 3. Adaptive horizon algorithm to determine the sufficient horizon
length for the next stage problem.

scenarios. If the prediction horizon is long enough, each
scenario’s optimal trajectory enters their respective terminal
region at their respective stage N2.. There exists a prediction
horizon length N7 where all scenarios would be steered into
their respective terminal regions. According to Assumption
2, the prediction horizon of the OCP can be truncated at that
stage. For instance, in Fig. 2 we would truncate at Ny > N23.

The proposed algorithm is summarized by a flowchart
in Fig. 3. The algorithm begins with choosing a safety
factor Npin, and a sufficiently long horizon N as the initial
prediction horizon for (2). At time t the NLP is solved
with a prediction horizon N;. An NLP-sensitivity problem
is solved to make a one-step ahead prediction of the optimal
trajectory for the NLP at time ¢ + 1, see [3], [9], [13],
[14]. This trajectory is checked if it enters the terminal
region for all scenarios. If true, the sufficient horizon lengths
for each scenario N7, are determined. The overall sufficient
horizon length Ny = max(N}, ..., N for all j € S. The
prediction horizon length for the next iteration is Ny; =
Nt + Npin.

C. Quasi-infinite horizon NMPC

The adaptive horizon method requires identification of the
terminal regions with radii c?c and a terminal cost function

V¢ () of the closed loop system for each scenario. This is
approximated by a quasi-infinite horizon NMPC presented
by [3]. In order to determine terminal regions X" JZ consider
Assumption 3.

Assumption 3: There exists a stabilizing LQR controller
with a local control law: Au/ = —KJ/Ax/ such that
f(x/,u} — K/Ax/,d7) € X7 for all X7 € X7,

We determine a ball of radius cgc in the vicinity of xgc
where the LQR control law stabilizes the uncertain nonlinear
system (1). The terminal state and input is an optimal
equilibrium pair (x}, u}) obtained by solving a steady-state
optimization problem at d’. The nonlinear system (1) is

linearized about (xjc, u’) as follows

Ax] ., = AAx] + B'Auj, + ¢/ (Ax], Au,d’)  (4)

for all j € S, where A7 and B’ are the jacobians of f w.r.t
x and u respectively at (x},u}) and ¢/ (Axy, Auy,d) is
the linearization error. An infinite horizon LQR is proposed
as the stabilizing controller in the terminal region given by

(oo}
Ax) PIAX =min 3 (Ax] QAx] + Aul | RAu)

k=0
(5a)
s.t. Axi_s_1 = Aiji + BjAui, Vk=0...0
(5b)

for all j € S, where PJ > 0 is a solution of the discrete
algebraic Ricatti equation.

The closed loop trajectory of the nonlinear system (1)
controlled by the LQR is given by

Ax] = A Ax] + ¢/ (Ax],d7) (6)

for all j € S, where A/, = A7 — B/K7 and ¢/ (Ax],d?) =
o (Axi, —K7 AxJ,, d7). The LQR controller design assumes
¢’ (Ax3, Auj,,d’) = 0. For the nonlinear system, we deter-
mine the bounds on the linearization error for each scenario
7 using Lemma 1 as follows.

Lemma 1: There exists M7, g € R, for all j € S such
that

167 (Ax], /)| < M7 Ax][e, VXl eX (D)

Proof: See [3].

Analytical determination of the bound (7) is tedious and
thus one can run one-step simulations offline. This method
was proposed by [3], and is also adopted in this work. In
offline mode, a random initial point in the system domain
X x U is taken and a one-step simulation determines the
linearization error by evaluating the difference (8).

¥ (Ax],d7) = f(xi,ui; — K'Ax],d7) — AT Ax] (8)

After determining the bounds of the linearization error for
each scenario j using Lemma 1, we quantify the size of the
terminal region X’ ; using Lemma 2.

Lemma 2: Suppose Assumption 1 holds, the radius of the
terminal region of attraction c; for all d’ and for all j € S



is dependent on the linearization error bound and is given
by

o (TN VENP T O — A\ T
fo A M

9
where 7 is the maximum singular value of Acl, )\Wj and
Ay are the maximum and minimum eigen values of W7 :=
Q+ K/ RKI, NV =
constant: an allowable tolerance for the terminal cost VJ? .

Proof: See [3].

ITI. PROPERTIES OF ADAPTIVE HORIZON
MULTISTAGE NMPC

In this section, we assume a transformed problem such
that the optimal equilibrium pairs (x;, u f) for all j € S are

(1/\,%, and €1 > 0 is a small

all centered at (0,0) using (x/,u’/) = (%7 — Xiull] - uf)
where %7 and @/ are states and inputs before transformation.

A. Recursive feasibility

Assumption 4: The adaptive horizon multistage NMPC

(AH-msNMPC) has the following properties.
o Lipschitz continuity: The functions f(x,u,d), {(x, u),
and VJ (x) are Lipschitz continuous with £(0 ( ,0,d7) =

OforalljeS (0, O)—OandVJ( ) =

o Constraint set: The sets X and X r C X are closed. U

is a compact set. All constraint sets contain the origin.

e Common terminal region: There exists a common ter-

minal region Xy = () Xy J that is control invariant.
jES

Theorem 1: Suppose that Assumption 4 holds, then the
AH-msNMPC is recursively feasible.

Proof: In [8], [12], [13] recursive feasibility of an
msNMPC with a constant prediction horizon was proven. If
the new horizon length Ntﬂ is sufficient to steer the system
into the control-invariant common terminal region set X,
then recursive feasibility is proven using same arguments as
standard NMPC with terminal region in [1].

B. Stability

In order to prove stability we define the following.

Definition 1: Comparison functions: A function « : Rar —
Rg‘ is a C-function if it is continuous and strictly increasing
with a(0) = 0. A function « is a Ko-function if & € K and
is unbounded. A function 8 : R x Z, — R is a KL-function
if it is continuous, 3(-,k) € K for all k£ > 0, and B(n, -) is
decreasing for all s > 0 and (s, k) — 0 as k — oo.

Definition 2: Robustly Positive Invariant (RPI) set: A set
X is an RPI set for (1) if x;4; € X holds for all x;, € X
and d € D.

Definition 3: Input-to-State Practical Stability (ISpS): The
system (1) is ISpS in A if there exists a KL-function S, a
K-function ~y, ¢ > 0 and ¢ > 0 for all d € D such that

%]l < B(lIxoll, 1) +~(lldll) +¢, Vxo € X

Definition 4.: 1SpS-Lyapunov function: A function V() is
an ISpS-Lyapunov function for the system (1) if there exists

(10)

an RPI set X, Ko.-functions «q, as, oz and K-function o,
co,c1 > 0 for all x € X and d € D such that

(11a)
(11b)

ar(f[xl)) < V(x) < as(|[x]]) + o
AV(x,d) < —as([[x])) + o([[d]}) + 1

Assumption 5: I1SpS assumptions for AH-msNMPC.

o If Assumption 3 holds then V(f(x?, —K’x7,d7)) —
Vi(x?) < —€(x7, —KIx7) for all x? € Xj.

o The stage cost satisfies the following for all x € X and
deD:

ar([[x[) < £(x,u) < ap(

%) +ou(lldll)

where «p, ay and oy are Ko -functions [13], [15].

e The solution for the AH-msNMPC satisfies the
Mangasarian-Fromovitz ~ Constraint ~ Qualification
(MFCQ) and the Strong Second-Order Sufficient
Conditions (SSOSC) such that the NLP-sensitivity
theory [14] can be applied.

12)

Let us define a set of acceptable horizon lengths N =
{N|Npn < N <N, N € Z,} and the subset N; C N
of acceptable horizon lengths for all the feasible problems
of (2). We define a mapping H : R x N’ x R* — N
for the algorithm illustrated by Fig. 3 such that Nﬂrl =
H(Z¢, Ni, @y q1)¢) € Niga

Assumption 6: If problem (2) at time ¢ with & is feasible
then so is the problem at time ¢ 4+ 1 with ;4 and Nt+1
H(wt,thH,l‘t) S M+1 for all Q'Jt, $t+1\t S X Nt S .A[t

Theorem 2: If X is an RPI set and Assumptions 4, 5,
6 hold and a1, as,a3 € Ko, 0 € K and V(-) is an
ISpS-Lyapunov function with AV/(&,,d) = Vi, (&e4+1) —
Vi, (&) forall &, € X and N; € M, then the AH- msNMPC
system is ISpS stable in X.

Proof: For the sake of brevity, we outline a sketch of
the proof. Following Assumptions 4 and 5, it is proven by
[8], [13], [18] that the cost V{**(x) is an ISpS-Lyapunov
function and that an ideal-msNMPC results into an ISpS
stable sytem. To ensure stability, [13] highlights that a
terminal cost for each scenario is required, and they should
be control Lyapunov functions. In the case of AH-msNMPC,
we have two possible cases of prediction horizon update
which include:

« prediction horizon shortening i.e. N;4; < N, or

« constant prediction horizon or lengthening i.e. Nyy; >

Nt.

Using Assumptions 5 and 6 in each case above, we are
always guaranteed feasibility. We predetermined the terminal
regions at which we have a control Lyapunov terminal
cost function. Since prediction horizon shortening occurs at
the point when all scenarios have entered their respective
terminal regions plus a safety factor, then the weighted
terminal cost is an ISpS Lyapunov-function. This implies
that AH-msNMPC also results in an ISpS stable system.

IV. SIMULATION EXAMPLE

We consider a continuously-stirred tank reactor (CSTR)
system with a cooling jacket from [5]. The reactions in the



TABLE I
SYSTEM PARAMETERS

Parameter Value Units Parameter Value Units
A1 9.043 x 102 /h p 0.9342 kg/m?
Az 9.043 x 10° /h AR 0.215 m?2

Ei2/R 9758.3 K Vi 10.01 m3
E3/R 8560.0 K T; 130.0 °C
AHap 4.2 kJ /mol kw 4032 kJ/hm?K
AHpc —11.0 kJ/mol my 5 kg
AHup —41.85 kJ/mol R 8.314 x 1073 | kJ/Kmol
cp 3.01 kJ/kgK Cp.J 2.0 kJ/kgK

CSTR are given by (13), where component B is the main
product.

Aty gk o (13a)
Arp (13b)

The system dynamics of the cooled CSTR are described by
the following set of equations.

ca=F(cap—ca)—kica— kgczA (14a)
cg = —Feg + kica — kacp (14b)
. kwAg
Tp = F(Ty, — T, T;—-T
R ( R) + pchR( J R)
7 kicaAAHup + kocgAHpe + kgC%AHAD
PCp
(14¢)
. 1 .
T)=—(Qs+kwAr(Tr — Ty)) (14d)
mjcCp,Jj

where reaction rates k; follow Arrhenius law, k; =
7RET‘:: ) Table I presents all the model parameters,
their corresponding values and units. The states vector x =
[ca, c, Tr, Ts]" consists of the concentration of A and
B, reactor and coolant temperature respectively. The control
inputs u, are inlet flow per reactor volume F' = V;,,/Vg, and
cooling rate Q.

The control objective is to maintain the concentration of
B to a desired set-point. The set-point is ¢is* = 0.5 mol/¢
throughout the operation period. The activation energy, 4 3
is the uncertain parameter of the system. The stage cost is a
typical set-point tracking error for c with control movement
penalization terms AFy, = Fj, — Fj,—1 and AQJk = QJk. —
Q) given by

.2
lp = (cpp — 2+ 11IAF? + 1AQ 1),

where the control penalties ry = 107° and ro = 1077.

Regularization terms were added to the stage cost to ensure
dissipativity and strong convexity as done in [9]. The initial
prediction horizon N = 40 and for each scenario terminal
constraints are included such that ||x}, — Xi;”2 < 0;2 The
robust horizon is chosen to be either 1 or 2. For Ng = 2 and
ng = 1, we obtain a 9-scenario tree structure as in Fig. 1 for
the msNMPC.

A; exp (

5)

A. Terminal region calculations

With a selected LQR controller tuning of Q = I, and
R = [1072107*]I; we design a stabilizing controller for

10 T T
. —2.5%
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Fig. 4. Linearization bound after 10000 simulations for each parameter
uncertainty realization (D = {E% +2.5%}, M7 = 125 and q = 2.2).

each of the 9 scenarios. As outlined before, 10° one-step
simulations from random initial values are performed offline
for each scenario. Fig. 4 is a plot of the linearization error
against Ax for each scenario. The linearization errors for all
the scenarios are not significantly different and therefore a
common linearization error bound (black solid line) M7 =
125 and ¢ = 2.2, is fitted. Using (9) applied to each
scenario, the radius of the terminal regions were computed
35002}2 cf, ¢p =0.023, ¢}, ¢}, ¢} = 0.023 and ¢}, ¢, ¢} =

B. Simulation results

The sampling time was chosen to be 0.005h and the
closed loop system for (14) was simulated for an operation
time of 0.3h. The inlet concentration of component A is
constant ¢4 o = 5.1mol/¢ and the uncertain parameter was
d= E%™ 4+ 1% throughout. The control performance of the
AH-msNMPC was compared to an ideal-msNMPC. Ny, = 3
was selected as the minimum horizon length and the safety
factor.

We implemented the controller wusing CasADi
v.3.4.5[6] in a MATLAB environment. The NLP
solver was IPOPT 3.12[7] and linear solver was MA27
running on a 2.6 GHz Intel Core-i7 with 16GB RAM.

Fig. 5 shows the optimal state trajectories and control
actions for both schemes. It can be seen that the optimal
trajectories for ideal-msNMPC and AH-msNMPC are the
same. Both controllers are capable of minimizing offset even
with a plant-model mismatch in the uncertain parameter
E 4 3. It is evident that the adaptive horizon scheme does not
affect the control performance of the msNMPC controller.

Fig. 6 illustrates how the prediction horizon length, V; is
continuously reduced to a minimum value as the system is
driven to the terminal region. It also shows the amount of
time either controller spent to solve the NLP at each iteration.
While the ideal-msNMPC continues solving the problem for
an entire maximum horizon length at each iteration spending
significantly larger time, the adaptive horizon method always
solved a sufficiently reduced problem, making it faster.

As shown in Table II, the adaptive horizon scheme com-
putes 15 times faster for Np = 1, and computes 2 times
faster for Nrp = 2 on average per iteration compared to
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Fig. 6. Comparison of the prediction horizon length and computation
time between ideal msNMPC and AHmsNMPC with parametric uncertainty
realization d = E"Y"s + 1% for both Ng =1 and Ng = 2.

the ideal-msNMPC. For the sampling time of 18s, the AH-
msNMPC’s computational delay with Ng = 1 is 1.4% of
the sampling interval while with Ng = 2 is 29.5% of the
sampling interval which is a significant reduction compared
to the ideal-msNMPC’s 64% fraction.

V. CONCLUSIONS

We have presented in this paper an adaptive horizon
multistage NMPC formulation that is both efficient and
robust. The resulting optimal control problem is shown to
be recursively feasible and input-to-state practical (ISpS)
stable. A simulation case study on a CSTR shows that
the control performance of the adaptive horizon multistage
NMPC framework is the same as that of ideal multistage
NMPC. The adaptive horizon framework is faster than the
ideal-multistage NMPC. The adaptive horizon update is
beneficial for multistage NMPC in order to reduce NLP size
and the computational delay. This method can be applied to

TABLE I
MEAN COMPUTATION TIME

Npr | Controller CPU time [s] ]
Max Mean Min
| ideal-ms 5.3215 3.7385 1.6401
AH-ms 1.9783 0.2453 0.1500
2 ideal-ms 15.4335 | 11.5805 | 6.1988
AH-ms 11.2770 5.3149 3.7616

control a nonlinear system provided that it is attracted to a
terminal region.
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