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Abstract

The application of self-optimizing control theory to a two-stage refrigeration
cycle was investigated. Defining the cost function as the economical trade-off
between the power consumption and the evaporator outlet temperatures, it was
found that the optimal point of operation leaves two unconstrained degrees of
freedom for implementing a self-optimizing control structure. We consider two
cases: (1) where the self-optimizing control structure is designed to optimally
reject only physical process disturbances, and (2) where the control structure in
addition handles changes in the economic parameters of the cost function. The
control structure is able to keep the process close to optimal despite disturbances
and changes in the product prices, and thus making a supervisory real-time
optimization (RTO) layer unnecessary.
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1. Introduction

Keep as is, say a few words about MR vs. Cascade
Recently there has been an increased focus on improving energy efficiency

in industry. Especially in large processes such as in the petrochemical industry
there are substential potentials for savings due to the large power consumption.
Multi-stage refrigeration cycles are large consumers of energy, so their optimal
operation is an important topic of research.

In the presence of disturbances, implementation errors and changing oper-
ating conditions, the optimal operation of a process plant becomes non-trivial.
One method for achieving optimal operation at all times is "on-line optimiza-
tion" [7]. Unfortunately, this method can be quite costly since it is often based
on the optimization of a control trajectory over a prediction horizon. Depending
on the complexity of the model, this dynamic optimization can be very compu-
tationally intensive. Model based control of refrigeration cycles was investigated
further by [16] and [19]. A lot of research has been done on the field of economic
model predictive control for supermarket refrigeration systems, see for instance
[17, 21, 9] and the therein included references. The disadvantage of a model
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predictive control approach is that it requires a good model of the process, and
that the computation time might be prohibitive.

A much simpler approach is to use a simple control structure to keep a
carefully selected controlled variable at a constant setpoint. This concept was
introduced by [22] and coined "self-optimizing control". More precisely: More
precisely: "Self-optimizing control is when we can achieve an acceptable loss
with constant setpoint values for the controlled variables (without the need to
reoptimize when disturbances occur)." [22]

The self-optimizing controlled variables are often selected as either single
measurements or linear combinations of measurements, which are usually con-
trolled by simple PI or PID controllers.

Optimal operation of simple refrigeration cycles was studied by [12, 13],
who propose to use a feedback controller to keep a linear combination of two
measurements, the high pressure and a temperature, constant. They determine
the optimal combination of the measurements using the extended null space
method [1]. [18] proposes a similar strategy based on using a cascade formulation
with the outer loop calculating the setpoint for the condenser pressure slave
controller. Both Jensen and Larsen consider different variations of a single-
stage layout.

In this paper we design a self-optimizing control structure for a two-stage
refrigeration cycle to ensure the optimal operation. It thereby generalizes the
results suggested by [13] by including all plant measurements rather than just
pressure and temperature measurements. We also apply a branch and bound
algorithm [14] to find the optimal subset of measurements that minimize the
loss. Finally, we show how self-optimizing control can be used to ensure optimal
operation when the cost parameters are not constant over time.

In the following section, self-optimizing control theory will be presented. In
Section 3.1, the model of the two-stage refrigeration cycle will be presented.
Two variations of the same case were studied. The first case resulted in a self-
optimizing control structure with five plant measurements. The second case re-
sulted in a self-optimizing control structure with measurements of the economic
parameters from the cost function in addition to the five plant measurements.
Results from the optimizations will be presented in Section 3.1 and Section 4.
Finally, the conclusion is presented in Section 5.

2. Self-optimizing control

Keep as is
The controlled variable which is a linear combination of measurements is

designed such that it satisfies
c = H · y (1)

H is known as the selection matrix. c is chosen such that the loss L is minimized

min
u,c

L = J(u, c)− Jopt(d)

s.t. g(u,y) ≤ 0
(2)
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The optimization is subject to equality- and inequality constraints on the deci-
sion variables. Active constraints must be controlled to avoid a large back-off
from the optimal solution [25]

The remaining unconstrained problem from Equation 2 is approximated by
a Taylor expansion truncated after three terms, yielding

L ≈ 1
2
(
u− uopt)ᵀ · Juu ·

(
u− uopt) (3)

It has been used that the gradient Ju is zero at the optimum.

Exact local method
A commonly used method to obtain the selection matrix H is called the

exact local method. Assume that the cost function can be approximated by a
local Taylor expansion around the nominal point. It is then shown by [15] that
the average loss from Equation 3 for all linear combinations of implementation
errors and disturbances is given by

Lavg = 1
2 ‖[Md Mny ]‖2F (4)

where the Frobenius norm is signified by the subscript F .
It can be shown that the normed term from Equation 4 can be written as

[Md Mny ] = Juu
1/2 (HGy)−1 HY (5)

where
Y = [FWd Wny ] (6)

The sensitivity matrix is defined as F = ∆yopt

∆d . It is assumed that both the
disturbances and the measurement errors follow a Gaussian distribution. Wny

and Wd are diagonal matrices containing the variances of the measurement
errors and the disturbances, respectively.

Subsequently, the selection matrix that minimizes Equation 4 is given by the
following expression.

min
H

=
∥∥∥Juu

1/2 (HGy)−1 HY
∥∥∥

F
(7)

An analytical solution of H which satisfies Equation 7 is: [2]

Hᵀ = (YYᵀ)−1 Gy
(

Gyᵀ (YYᵀ)−1 Gy
)−1

Juu
1/2 (8)

It can be shown that Equation 8 can be simplified to: [26]

H̃ᵀ = (YYᵀ)−1 Gy (9)
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3. Case one - Simplified process with single-stage compression

3.1. Process description
The process studied in this work is based on the ConocoPhillips LNG refrig-

eration plant. A cascaded refrigeration plant consists of multiple closed loops
which exchange heat with each other. The advantage of such a design is that the
mean temperature difference between the hot and cold sides can be decreased,
thus resulting in lower energy consumption. This particular plant has three
refrigerant loops; propane, ethane and methane.

two-stage refrigeration cycle described by [5]. A full description of the model
used in this work can be found in [24]. The process is based on a similar
refrigeration cycle that is currently being operated in a petrochemical plant. A
figure of the process can be seen in Figure 1.

The evaporators are flooded with integrated tanks, as shown in Fig. IN-
SERT FIG. This design maybe sub-optimal as it does not allow for sub-cooling,
as shown in [12]. One degree of freedom, namely the active charge, has been
lost to achieve this. We found however that sub-cooling did not add any benefit
for this particular system, since the refrigerants are pure and not mixed.

DEGREE OF FREEDOM ANALYSIS
As first reported by [12], refrigeration cycles of this kind have five potential

steady-state degrees of freedom per closed cycle. These five are the compressor
power, the choke valve opening, the active charge and the transfered heat in the
condenser and evaporator.

Two illustrations: simplified schematic + detailed multi-stream HEX
The model studied in this work is based on the two-stage refrigeration cycle

described by [5]. A full description of the model used in this work can be found
in [24]. The process is based on a similar refrigeration cycle that is currently
being operated in a petrochemical plant. A figure of the process can be seen in
Figure 1.

The cycle is a two-stage cycle with two-stage throttling. The two compres-
sor models are based on compressor curves, relating the compressor head, the
suction volumetric flowrate and the compressor speed. The compressors are
driven by a variable speed steam turbine, which is linked to the compressors
with a common drive shaft. For simplicity, it is assumed that no mechanical
or thermal heat loss is observed, so that the energy consumption of the com-
pressors equals to the enthalpy difference of the refrigerant from inlet to outlet.
Interstage injection of saturated refrigerant increases the energy efficiency by re-
ducing the load in the low pressure evaporator and by reducing the overheat into
the second compressor [8]. The injection of saturated vapour can be adjusted
by manipulating the control valve XV1.

Heat is removed from the system at two different temperatures. The ma-
jority of the heat is removed in a kettle reboiler at low pressure (LP) and low
temperature. The pressure in this vessel is approximately 1 bar. At intermedi-
ate pressure (IP), heat is removed in a flash evaporator at a higher temperature.
The pressure in this vessel is around 4 bar. The LP evaporator is approximately
ten times larger than the IP evaporator. The distribution of gas and liquid in
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Figure 1: Process flow diagram of the studied process.

the two evaporators can be shifted by adjusting the control valves XV1 and
XV2. In both evaporators the process streams exchange heat with the refrig-
erant through coiled pipes. It is assured that the heating coils are always fully
submerged in the liquid by constraining the levels in the tank. The heat transfer
coefficient and the heat transfer area are therefore assumed to remain constant
at all times.

The compressed refrigerant is condensened in a air-cooled condenser. The
condensate is collected in a receiver vessel. The receiver also acts as a buffer
tank against disturbances and helps to ensure constant operating conditions in
the evaporators and the compressors. Due to the large size of the receiver, it
introduces a large capacity to the cycle. This is especially noticable for temper-
ature (and consequently also saturation pressure) measurements, which take a
very long time to reach a new steady-state value if a step change in the operating
conditions is applied to the system.

The thermodynamic states of the refrigerant are calculated using polynomial
approximations of the Helmholtz equations of state calculated by the AllProps
software [20].

Due to the recycle loop in the refrigeration cycle, the state derivatives can not
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be expressed explicitly, but must be solved iteratively instead. In other words,
the process must be written as a DAE system, rather than a ODE system. The
model equations from [5] result in a DAE system with six differential equations
and ten algebraic equations, though additional equations were added to the
system in the current work to accomodate for input dynamics, level controllers
and additional algebraic states. The resulting system of equations is integrated
with the MATLAB-function ode15s.

3.2. Defining the optimization problem to find the nominal operating point
The nominal operating point is found by solving an optimization problem

where the objective is to minimize the energy consumption of the cycle, subject
to operational constraints. The optimization problem is given by

min
x,u

φ(x, u, π) (10a)

s.t. cE(x, u, π) = 0 (10b)
cI(x, u, π) ≤ 0 (10c)
xL ≤ x ≤ xU (10d)
uL ≤ u ≤ uU , (10e)

where x signifies the state variables, u signifies the inputs and π signifies the
parameters/disturbances. cE and cI are the (possibly non-linear) equality and
inequality constraints, respectively. Upper and lower bounds on the states and
inputs may also be imposed, as seen in (10d) and (10e).

Here, the objective can be expressed as

φ(x, u, π) =
∑

i

(
W comp.

i + αim
cond.
i

)
, (11)

where W comp.
i is the compressor power of compressor i and mcond.

i is the flow
rate of air in the condenser. It is common to omit the cost of the condenser
from the cost function, in which case the optimal strategy is to cool as much
as possible. We consider here the case where fans are used to move the air in
the condenser, so we must penalize large air flows as they result in large power
consumption from the fans.

The variable α weights the two terms according to their economic impor-
tance. Since prices of raw materials, products and energy are time-variant, it is
sensible to consider α as a disturbance. We could adjust α through a set-point-
generating RTO layer. Alternatively, it is also possible to include measurements
of these disturbances in the control structure in a feed-forward fashion. This
will be shown in detail later.

The optimization is subject to a number of operational constraints, which
are shown in Tab. 1
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Table 1: Process constraints and variable bounds for the optimization problem in Eq. (10)

Constraint Explanation
T404 ≤ −150 ◦C Maximum LNG outlet temperature
Ti03 > Tambient Avoid temperature cross in condensers

0.0 ≤ uchoke,i ≤ 1.0 Bounds on normalized choke openings
0.6 ≤ ucomp.,i ≤ 1.1 Bounds on normalized comp. speeds

3.3. Nominal solution
Given the cost function from Eq. (11) and the constraints from Tab. 1,

a nonlinear programming problem (NLP) was formulated and implemented in
MATLAB using Casadi 3.0.0 [3] and solved using IPOPT 3.12.3 [6].

The nominal solution features one active constraint, namely the upper bound
of the LNG outlet temperature constraint. This is somewhat different than the
optimal solution reported for a similar MFC process by [11]. They addition-
ally identify active constraints on the super-heating, lower cycle pressures and
condenser duties. We have assumed that the degree of super-heating is zero,
as this is sub-optimal. We also do not specify a lower pressure constraint, as
the pressure is bounded through the efficiency of the compressor in our model.
Since we penalize the excessive use of cooling in the condenser to avoid high
power consumption, this constraint is not active either.

For each of the refrigeration loops, one liquid inventory must be controlled
in accordance with [4]. For this purpose, we chose to use the chokes to control
the levels of the low-pressure evaporators. After controlling the levels and the
outlet temperature, we are left with 5 degrees of freedom.

It was found that the nominal cost was J = 2821e/h.

3.4. Optimal selection of measurements
Using all available measurements in the calculation of the selection matrix

H would give the best possible control. However, this is not a viable strategy
in practice, since each measurements increases the overall chance of failure of
the controller. If the process has not been built, the increased investment cost
and complexity of the control structure also advise against the excessive use
of measurements. For these reasons, the amount of measurements used in the
calculation of H should be kept to a minimum. The best subsection of mea-
surements can be determined using the branch and bound algorithm [14]. For
the studied process, it was found that five measurements gave acceptably low
loss. For the first case, the five best measurements are

TC, P1, TP1O, FG1 and FG3

3.5. Optimality of controlled variables
A self-optimizing controller was implemented with the remaining two un-

constrained degrees of freedom. For the five best measurements, the selection
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Table 2: Losses for self-optimizing control versus constant setpoint policy for some distur-
bances. Note that the losses are very small compared to the nominal cost of J = 2831e/h

Variable Disturbance Loss [e/h]
Self-optimizing Constant inputs

TP1I +3K 0.340 · 10−2 15.114 · 10−2

TP2I +3K 0.076 · 10−2 0.018 · 10−2

TP3I +3K 0.020 · 10−2 3.424 · 10−2

FCP1 +10W K−1 17.146 · 10−2 29.366 · 10−2

FCP2 +3W K−1 0.190 · 10−2 0.208 · 10−2

matrix H was calculated using Equation 9. The variance matrix Wny was
constructed assuming that the variance of each measurement is equal to 1%
of the nominal value. For temperature measurements, ωTi

= 0.5 K was used.
The expected disturbances were assumed to include TP1I, TP2I and TP3I, be-
ing the inlet temperatures to the LP evaporator, the inlet temperature to the
IP evaporator and the inlet temperature of the air in the condenser, respec-
tively. FCP1 and FCP2, being the combined mass flow rate and heat capacity
of the process inlet to the LP and IP evaporators respectively, were also treated
as disturbances. The variances of the disturbances were set to σTP1I = 3 K,
σTP1I = 3 K, σTP3I = 5 K, σFCP1 = 10 W/K and σFCP2 = 3 W/K.

The performance of the controller was tested for a set of disturbances as
shown in Table 2. The steady-state losses are compared to the losses from a
constant-input policy. It can be seen that the closed-loop loss is significantly
lower than the open-loop loss on average. However, for some disturbances the
losses are in fact higher for the controlled system. This is to be expected when
using the formulation from Equation 4. Even though the effect of implemen-
tation error is not shown here, it can be observed that the closed-loop system
outperforms the open-loop system.

It is also observed that the losses are almost neglible compared to the nominal
values of the cost function. Indeed, simulations revealed that the cost function
was very flat around the nominal point. This is desirable according to [22], since
the effect of implementation errors is minimized. In the same vein, it is desirable
that the optimum value of c is insensitive to disturbances to avoid losses from
keeping c constant. Figure 2 shows the location of the optimal values of c
relative to the nominal setpoint. As can be seen when comparing Figure 2 to
for instance the magnitude of the open-loop change in c due to a disturbance
as seen in Figure 3, it is safe to say that the optimal value of c is independent
to disturbances. The resulting losses from disturbances are therefore expected
to be small.

All disturbances except the disturbance in the flow rate into the LP evap-
orator, FCP1, are located on the line going through a valley-shaped minimum
of the cost surface. This is the principle eigenvector of the elliptic hyperboloid.
This explains why the loss associated with disturbing FCP1 is an order of mag-
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Figure 2: Optimal values of c for the studied disturbances. We observe that the optimal
values of c for the disturbances are grouped very closely around the nominal point. Notice
the scale of the axis compared to i.e. the open-loop changes in c to a disturbance in Figure 3.

nitude larger than for the other disturbances. It is also observed that the losses
due to the two disturbances associated with the IP evaporator, that is TP2I and
FCP2, are smaller than the corresponding losses caused by disturbances of the
LP evaporator. This is caused by the fact that pTP1O > pTP2O in Equation 11.

3.6. Dynamic simulation
The derived self-optimizing controller was implemented into the dynamic

system by introducing two PID controllers. It was chosen to pair the compressor
speed N with c1 and the valve opening XV1 with c2. The PID tunings were
derived based on the SIMC rules [23]. As can be seen from Figure 3, the resulting
PID controller has a somewhat large time constant. The controller can be tuned
more aggressively by choosing a smaller closed-loop time constant, at the cost
of robustness.

The dynamic performance of the self-optimizing controller was tested by
applying a step in the inlet termperature to the LP evaporator, TP1I. It was
found that the responses of the open-loop and the closed-loop systems were
almost identical, as can be seen in Figure 3. The integrated error for the closed
loop system is smaller than for the open loop, but the difference is marginal.

It is noted that the open-loop response pushes the states along the dashed
line in Figure 2 corresponding to the minimum valley of the cost surface in the
c-space. Even though the observed open-loop response pushes the states north-
east, away from the optimal point (marked orange in Figure 2), the location at
the bottom of the valley still ensures very low losses.

From Figure 3 it can be seen that it takes a relatively long time for the
loss to stabilize after it has been disturbed, even though the controlled variable
reaches its setpoint almost immediately. This behaviour is due to the slow
dynamicsof the system. The slow dynamics are caused by the large capacity
of the HP receiver, and is an inherent property of the system that can not be
circumvented with feedback control.

10



0 200 400 600 800 1,000
−1,500
−1,000

−500
0

Open
Closed

t [s]

∆
c 1

[-]

0 200 400 600 800 1,000
0.995
1.000
1.005
1.010

Open

Closed

t [s]

N
[-]

0 200 400 600 800 1,000
0

50
100

Open
Closed

t [s]

∆
c 2

[-]

0 200 400 600 800 1,000

0.35

0.4
Open

Closed

t [s]

X
V

1
[-]

0 200 400 600 800 1,000
0

10

20

Open Closed

t [s]

Lo
ss

[e
/h

]

Figure 3: Case 1: Response of the controlled variables (∆c1 and ∆c2) and the manipulated
variables (N and XV1) to a −3K step in TP1I for open loop and closed loop. The final plot
compares the loss for the open loop and the closed loop.
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Slow dynamics aside, it seems as if the process is so rigid in its design and
parametrization that the cost function is characterized by an almost flat surface.
This means that the process will be close to optimal even when in an open-loop
configuration. It does therefore not make a significant difference if the system is
controlled to optimality directly or if the unconstrained degrees of freedom are
used to control other CVs. By controlling for example the evaporator pressures
or the outlet temperatures directly, one can achieve tighter product specifica-
tions on the process side, at only minimal cost impact.

4. Case two - Including measurements of economic parameters

A second case was simulated to study the possibility of including measure-
ments of the cost parameters pW , pTP1O and pTP2O in the setpoint of the self-
optimizing controller.

The same process model and cost function as previously discussed in Section
3.1 is being used, so the optimal steady-state solution is the same as for the first
case.

4.1. Self-optimizing control
Instead of treating the parameters pW , pTP1O and pTP2O in the cost function

as static parameters, it was decided to include measurements of these parameters
in the construction of the selectivity matrix H. This way, the controller can
react to changes in the power prices and the prices of the products immediately,
without being dependent on an overlying real-time optimization layer. A similar
controller is discussed by [10]. The controller will give optimal operation of the
plant as long as the market only has random price fluctuations. Due to the
linearization around the nominal point, the self-optimizing controller is only
optimal locally. Whenever prices start to change permanently, the controller
must be re-parameterized.

It was assumed that the measurements of pW , pTP1O and pTP2O are noise-
less, meaning that there is no measurement error on these measurements. This
assumption was made since the information about the economic parameters
is not contained in the states of the system, therefore it is not possible to
decrease any uncertainty related to these measurements by linear combinations
of the outputs. Since the measurements of pW and pTP1O are not prone to
instrumentation error like i.e. pressure or temperature meters, this assumption
seems reasonable.

The best subset of measurements was again found using the branch and
bound algorithm. It was found that the best subset of eight measurements
includes

XV1, P1, P1, TP1O, FL2, FL4, pW and pTP1O

It can be seen that the branch and bound algorithm does not give a set of
measurements including all three economic parameters. pTP2O is not included
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Figure 4: Case 2: Response of the controlled variables (∆c1 and ∆c2) and the manipulated
variables (N and XV1) to a step in pW for open loop and closed loop. The final plot compares
the loss in the cost function for the open loop and the closed loop.

because the expected loss is very small. Consequently the controller will not be
able to react to changes in the price of the process stream in the IP evaporator.

The selection matrix H and the corresponding set-point c is calculated from
Equation 9.

The closed loop response to a +10% step in the energy price pW is shown
in Figure 4.

The derived controller is able to react to changes in the economic parameters.
Again, it is observed that the slow dynamics of the system cause the loss of the
controller to very slowly reach a new steady state value. After approximately
400 seconds the closed-loop self-optimizing controller starts outperforming the
open-loop controller.

5. Conclusion

In this paper we have investigated the possibilities of applying self-optimizing
control to a two-stage refrigeration cycle. Since the cost function is formulated to
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give a trade-off between energy consumption and evaporator outlet temperature,
it was found that the optimal point of operation leaves the compressor speed N
unconstrained. In addition, it was found that the valve opening XV1 remained
unconstrained. Using the two degrees of freedom, a self-optimizing controller
was implemented.

It was found that the self-optimizing controller does decrease the deviation
from optimal operating conditions when disturbed. However, the decrease in
observed loss is relatively small, mainly due to the flatness of the cost surface.
This means that self-optimizing control is not strictly necessary to decrease the
average loss to accetable levels, as the system is already nearly optimal to begin
with. Most likely, the observed behaviour is a feature of the studied model and
model parameterization only. Other refrigeration cycles could benefit more from
having self-optimizing control implemented.

It was shown that self-optimizing control is relatively fast and easy to im-
plement, so that self-optimizing control can be considered a viable alternative
to model-based control systems. This particular system would probably benefit
from model-based control system due to the slow dynamics. A smaller cycle with
lower capacity could probably be kept sufficiently optimal with self-optimizing
control only. More work needs to be done to compare the advantages and disad-
vantages of the different control approaches for multi-stage refrigeration cycles.

It was also shown that self-optimizing control can include economic mea-
surements to maintain optimal operation under price fluctuations. This lessens
the need for supervisory real-time optimization.
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