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Combined maintenance and production optimization

Two main questions:

1 How do we operate optimally, knowing that we will perform
maintenance in the future?

2 How often should we perform inspections and maintenance?

These problems are often solved with Monte Carlo simulations.

3 Can we come up with a more efficient optimization-based approach?
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Dynamic optimization

Present←− Past Future −→

xk: historical states
x0: most recent measurement

uk: historical inputs
u0: most recent input

t′ t′ +N

xk: predicted states
x0: initial state

uk: predicted inputs
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Dynamic optimization

max
u

∫ tf

0
φ (ẋ, x, z, u, π) dt (1a)

subject to

0 = g(ẋ, x, z, u, π)

{
System dynamics

and model equations
(1b)

0 = h(ẋ, x, z, u, π)
{

System degradation

(1c)
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Markov chain
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F
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λa + λu
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1− λa − λu 1− λa − λu 1− λa − λu

1

Figure: Markov chain

Repairs follow As-Good-As-New (AGAN) strategy
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Modeling the probabilities

dµ

dt
=




−λu − λa 0 0 0
λa −λu − λa 0 0
0 λa −λu − λa 0
λu λu λu + λa 0




︸ ︷︷ ︸
Λ

µ (2)

µi(t) : probability of being in state i at time t
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Modeling the probabilities
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Figure: Evolution of the probabilities without control
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Modeling the probabilities

How do the inputs / operating modes enter in the model?

dµ

dt
= Λ(u, t) · µ(t) (3)
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Modeling the probabilities
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Dashed line: u = 0.67
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Including maintenance interventions

How do we include maintenance interventions / inspections in this type of
model?

dµ

dt
= Λ(u, t)µ(t) +Rr(t) (4)

where

r(t) = Sᵀµ(t) ·




k∑

i=1

δ(t− ti)


 (5)

R =




1
0
0
−1


 (6)

A. Verheyleweghen (NTNU) 25.09.19 10 / 17

Rr(t) is a term that reset state to arbitrary condition



Including maintenance interventions

How do we include maintenance interventions / inspections in this type of
model?

dµ

dt
= Λ(u, t)µ(t) +Rr(t) (4)

where

r(t) = Sᵀµ(t) ·




k∑

i=1

δ(t− ti)


 (5)

R =




1
0
0
−1


 (6)

A. Verheyleweghen (NTNU) 25.09.19 10 / 17

Rr(t) is a term that reset state to arbitrary condition



Including maintenance interventions

How do we include maintenance interventions / inspections in this type of
model?

dµ

dt
= Λ(u, t)µ(t) +Rr(t) (4)

where

r(t) = Sᵀµ(t) ·




k∑

i=1

δ(t− ti)


 (5)

R =




1
0
0
−1


 (6)

A. Verheyleweghen (NTNU) 25.09.19 10 / 17

Rr(t) is a term that reset state to arbitrary condition



Including maintenance interventions

How do we include maintenance interventions / inspections in this type of
model?

dµ

dt
= Λ(u, t)µ(t) +Rr(t) (4)

where

r(t) = Sᵀµ(t) ·




k∑

i=1

δ(t− ti)


 (5)

R =




1
0
0
−1


 (6)

A. Verheyleweghen (NTNU) 25.09.19 10 / 17

Rr(t) is a term that reset state to arbitrary condition



As-good-as-new, corrective

R =




1
0
0
−1


 (7)

As-good-as-new, preventive

R =




1
0
−1
0


 (8)

Imperfect, corrective

R =




0.7
0.3
0
−1


 (9)
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Including maintenance interventions
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Figure: Evolution of the probabilities with inspections at 50, 100 and 150 weeks
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Optimization problem

min
u(l),r(l)

tf∫

0

(
− f + fm + fi

)
dt (10)

where

f(t) = c(u, t)ᵀµ(t) Production

fm(t) = cᵀmr(t) Maintenance cost

fi(t) = cᵀi




k∑

i=1

δ(t− ti)


 Inspection cost

Subject to

dµ

dt
= Λ(t, u)µ(t) +Rr(t) Model
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Solving the optimization problem

Our optimization problem is on the form:

min
u,r

∫ tf

0
φ(t, µ, u, r) (11)

s.t. g(t, µ, u, r) ≤ 0 (12)

Discretize problem, solve resulting nonlinear program (NLP) using
off-the-shelf NLP solver
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Optimal solution
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Figure: Optimal production strategy with maintenance after 92, 132 and 163
weeks.
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Conclusion

Can optimize maintenance and opera-
tions at the same time

Would have been difficult
with traditional Monte Carlo approach!

Future work:

(more complex) non-linear model

Distributionally robust

Multi-stage maintenance planning

Combined Maintenance Scheduling and
Production Optimization

Adriaen Verheyleweghen Himanshu Srivastav Anne Barros Johannes Jäschke
verheyle@ntnu.no himanshu.srivastav@ntnu.no anne.barros@ntnu.no jaschke@ntnu.no

� How to optimize production
and also find optimal
non-periodic inspection and
maintenance schedule?

� Too many decision variables:
Monte-Carlo simulations of
Markov chain are too slow

� Formulate problem as numerical
optimization problem instead

Motivation

� Four reliability-critical components (i),
each described by four discrete
degradation states (A, B, C and F (failed))

� Optimization objective: maximize gas
production and minimize inspection and
maintenance costs

� Fault tree for system
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Case study: subsea gas compression
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Case study: simulation results

� We have developed an
optimization-based method for
production optimization and
maintenance scheduling

� No need for Monte Carlo
simulations

� Can be solved with off-the-shelf
NLP solvers after some
reformulations

Download paper with
references here:

Conclusions
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� 163 states

� 945 edges

= Huge search space, MC
simulations practically infeasible

� Continuous decision
variables

Markov chain for the case study

1.
Model evolution of system state
probabilities between inspections
as function of inputs

Before inspection: ẋ = f1(t , x , u)

Reset initial condition according to AGAN policy

After inspection: ẋ = f2(t , x , u)

2.
Combine into single master equa-
tion with reset term

ẋ =
dx
dt

= f (t , x , u) + Rr

Rr term is non-smooth, deter-
mines when to reset state

3.
Introduce necessary approxima-
tions to make problem numerically
tractable

Approximate Rr by Box-
car function to get conti-
nous opt. problem

4.
Discretize differntial eq. and solve
resulting NLP using off-the-shelf
NLP solver

min
r ,u

∫ tf

0
φ(x)dt

s.t. ẋ = f (t , x , u) + Rr

min
r ,u

F (z)

s.t. c(z) = 0

g(z) ≤ 0

Transition rates dependent on u

For this case:

optimal inputs are at max
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Backup: Approximating r

Dirac functions are not good for optimization

r̃(t) = Sᵀµ(t) ·




k∑

i=1

δ(t− ti)


 (13)

r̃(t) ≈ r(t) =

k∑

i=1

Boxcar(t) =

k∑

i=1

hi

(
H(t− ti)− H(t− ti − εi)

)
(14)

In practice, the Boxcar function is simply a piece-wise constant function
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Backup: Approximating r
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Figure: Illustration of how r̃(t) (dashed line, circles) can be approximated by r(t)
(solid line) to obtain a continuous µ.
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Backup: How to calculate fi

Inspection cost is proportional to number of inspections. How to calculate?

Formulate with complementary

fi = ci · y (15)

0 ≤ (1− y) ⊥ r ≥ 0 (16)
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Backup: How to calculate fi

Can be solved in IPOPT with a hybrid relaxation / penalty method

min
µ,r,u,y

−f(µ, r,u, t) + c(l) · vec
(
(1− y(t))⊗ u(t)

)
(17a)

s.t.
dµ

dt
= Λµ+Rr (17b)

0 ≤ µ(t) ≤ 1 (17c)

0 ≤ r(t) ≤ r̄ (17d)

0 ≤ u(t) ≤ ū (17e)

vec
(
r(t)⊗ (1− y(t))

)
≥ ε(l). (17f)

Here, (·) denotes the inner product and (⊗) denotes the outer product.
This problem is solved sequentially {l} times such that

lim
l→∞

, ε→ 0, c→∞
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